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An expl ic i t ,  abso lu te ly  s table  d i f f e rence  method  of solving a s y s t e m  of d i f ferent ia l  equat ions  of 
heat  and m a s s  t r a n s f e r  is p roposed .  L imi t s  of  appl icab i l i ty  of the method  a r e  e s t ima ted .  

As  we know [1], the s y s t e m  of d i f fe ren t ia l  equat ions  of e n e r g y  and m a s s  t r a n s f e r  is wr i t t en  in the f o r m  

m 
d r !  = dvi 
dt d-i- + UAvi = , -~  V (Ri~vvi~)+Hi (i, n = 1, m), (1) 

n ~ l  

where  H i is the amoun t  of heat  (substance)  emi t t ed  by the s o u r c e s  in unit vo lume  p e r  unit t ime;  Rin  a r e  t h e r m o -  
phys ica l  t r a n s f e r  coef f ic ien ts  between which  t he re  is no r e c i p r o c i t y  re la t ion ,  Rin ~ Rni;  U is the ve loc i t y  v e c t o r ;  
v i a r e  the sought  func t ions ;  V is the Hamil ton o p e r a t o r .  

Exac t  solut ion of the s y s t e m  (1) is d i f f icul t  even for  cons tan t  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s .  In [2, 3] 
an expl ic i t  d i f f e rence  me thod  was  p r o p o s e d  fo r  a s impl i f i ed  s y s t e m ,  white in [4] it was  p r o p o s e d  for  the c o m -  
plete  s y s t e m  of equa t ions  (1). In [5] impl ic i t  d i f f e rence  s c h e m e s  a r e  se t  up for  n u m e r i c a l  solut ion of the p r o b -  
lem of diffusion in a two-phase  med ium with a given in terna l  (moving) boundary  of phase  t r a n s f o r m a t i o n .  

In the p r e s e n t  work  we cons ide r  an exp l ic i t  d i f fe rence  method  which is abso lu te ly  s tab le  for  a ce r ta in  
c lass  of s y s t e m s  of  the f o r m  (1). 

We shal l  cons ide r  the one -d i m e ns i ona l  p r o b l e m  for  two subs t ances  of  a fixed s y s t e m  with cons tan t  t h e r -  
m o p h y s i c a l  c h a r a c t e r i s t i c s .  Then,  m a t h e m a t i c a l l y ,  the p rob l em is fo rmula t ed  as  fol lows:  find the function of  
concen t ra t ion  of  two s u b s t a n c e s  - the hea t  v(x,  t) and the m a s s  u(x, t) - s a t i s fy ing  within the r eg ion  {a - - x -  b, 
t > 0} the s y s t e m  of equat ions  

Ou = R , ,  02-~-u - 02v 
o--/ 0x'- + ~1~0~ ' (2) 

Ov R 02u- - 02v (3) 
0-7= 210x ~ + ~ ~ , 

with the m a t r i x  [IRin[[ , i, n = 1, 2, being pos i t ive -de f in i t e .  On the boundary  F of  the r eg ion  the condit ions 

U'r = ~'1 (t), V!r = q~ (t) (4) 

a r e  speci f ied .  

At  the ins tant  of  t ime  t = 0 the ini t ial  d i s t r ibu t ions  of hea t  and m a s s  a r e  given:  

u~=0 := A (x), (5) 
vi,=o - f~ (x). 

We in t roduce  the d i f f e rence  g r id  {tk=kl- , k= 0, 1, 2, . . . ;  xj =a  + jh ,  j =0 ,  N, N= ( b - a ) / h }  and denote the 
a p p r o x i m a t e  va lues  of u and v at  the point  (xj, t k) by uj k, v k, r e s p e c t i v e l y .  We divide the se t  of points  of the 
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T A B L E  1. Ca lcu la t ion  P a r a m e t e r s  

variants t : �9 ! i 1 s 9 ]o ]1 
t ' i -9 ' 3 1  I 4 5 i 6 ~  7 !~ f 

Rll 5 3 ~ 5 2 .) I 4 3 
RI~ 0 0 $ I 3 [ I l l 
R21 6 0 2 ~ i 1 2 1.5 3 2 2 

3 .~ 4 1 .~ 2 2 1 

Variants 12 13 14 19 20 

R l l  

R2Z 

15 16 17 18 

4 
0�89 4 21 

2 2 

g r i d  into two s u b s e t s :  points  whose  sum  of indices  j + k  is even we call "expl ic i t , "  while points  whose  s u m of 
indices  is odd we cal l  " impl ic i t .  n It  is obvious that  each  expl ic i t  point  of the plane (x, t) is s u r r o u n d e d  by im-  
p l ic i t  po in ts ,  and c o n v e r s e l y .  

At  expl ic i t  points  we ca lcu la te  the s y s t e m  o f  equa t ions  (1) by m e a n s  of the expl ic i t  d i f fe rence  s c h e m e  

k~-! k k Uik+l = p ~ + ( t .  --2rxl)u~, v i  = Q i  +(1- -2 r22)v i  

/~ /=  ~ , k 2v~), Q1 (ui• ]) -r- r12(vi• l - -  

Q~ = ~ , ~ ( 6 )  r21 (ui+,  - -  2u~ ) -~ r=  (v i •  ,), 

k k k T 
u:• : u/+l + u ; - l ,  r~ n = - ~  R in .  

At  impl ic i t  points  the ca lcu la t ion  is c a r r i e d  out a c c o r d i n g  to the impl ic i t  d i f f e rence  s c h e m e  extended 
_:k +I . k+ l  r e l a t i v e  to u~- , vj  : 

k+] = (1 + 2rlO-l(P~ +l + u~ ), ui 
(7) 

k v~ +1 -- (1 + 2r.2Q-1 (Q~ • § vi ). 

We sha l l  ca lcu la te  the va lue s  of the funct ions  uj. k+l, v k+i in a " c h e s s b o a r d "  o r d e r :  f i r s t ,  by the r e c u r s i v e  

e x p r e s s i o n s  (6) we  find these  va lues  a t  expl ic i t  points .  Then,  subst i tu t ing the va lues  of hea t  and m a s s  jus t  
found a t  the exp l ic i t  points  of  the (k+ 1)- th  l a y e r  into the e x p r e s s i o n s  (7), we find the sought  va lues  a t  the im-  
p l ic i t  points .  

It is na tu ra l  to call  the me thod  d e s c r i b e d  by the e x p r e s s i o n s  (6) and (7) the " c h e s s b o a r d "  me thod  [6, 7]. 
It a p p r o x i m a t e s  the s y s t e m  (1) with an e r r o r  of  the o r d e r  O [h 2 + r z + (TZ/h2)]. 

We should note the fol lowing advan tages  of  the " c h e s s b o a r d "  d i f f e rence  me thod  o v e r  the c l a s s i ca l  d i f -  
f e rence  s c h e m e s .  

1. A reduc t ion  of the amoun t  of computa t ions  a p p r o x i m a t e l y  10-15 t i m e s  in c o m p a r i s o n  with the expl ic i t  
d i f fe rence  s c h e m e ,  and 2-3 t i m e s  in c o m p a r i s o n  with the impl ic i t  d i f fe rence  s cheme .  

2. A reduc t ion  of  the r e q u i r e d  volt tme of opera t ive  m e m o r y  about  2 t imes .  

3. The e a s e  of  appl ica t ion  for  complex  p r o b l e m s ;  The " c h e s s b o a r d "  without  any a l t e r a t i ons  is t r a n s -  
f e r r e d  to the s y s t e m  (1) of  any  d imens iona l i t y  with v a r i a b l e  coeff ic ients .  

In the case  of  the dependence  of the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  on the sought  funct ions,  Eqs.  (6) and 
(7) r e m a i n  expl ic i t  if the a r g u m e n t s  of the funct ions  Rin a t  impl ic i t  points  a r e  in te rpo la ted  f r o m  expl ic i t  

points .  

We p r o c e e d  to d i s c o v e r  the l imi ts  of  app l icab i l i ty  of the " c h e s s b o a r d "  method.  The s tab i l i ty  of the m e t h -  
od on the s e t  of  impl ic i t  points  g ives  r i s e  to no doubts ,  and it r e m a i n s  for  us to v e r i f y  its s tab i l i ty  on the se t  

of  expl ic i t  points .  
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Excluding f rom Eqs.  (6) the va lues  of unknown functions at  impl ic i t  points by means  of Eqs. (7), it is 
e a s y  to show tha t  the " ches sboa rd"  method on the se t  of expl ici t  points is equivalent  to the d i f ference  scheme  
of D e w f o r t - F r a n k e l  [8] 

uk.+~ = (1 + 2rn)-~[2ru (U~• + (1 - -  2rn) V~ + 2r~(v~+_~ - -  2v~ )], I 

u~ +1 = a~, (s) 

k+~ _-- (1 + 2r,,)-' [2Q~ (u~•  2u7) + 2G, (v~:,) + (1  --2Q,)V~ ], 

Vk.+l k 
1 ~ ~ ) ]  �9 

Substituting the F o u r i e r  in tegra ls  into (8), we obtain the t rans i t ion ma t r i x  [8] 

G 

where  we have denoted 

I 4 ,i x, 0 

1 0 0 0 

4 r21 (1 - -  x) 0 2 - - x  c~'2 1 -  (z~ 
[~, [L [h 

0 0 1 0 
n 

a i = 2 r u ,  [ ~ i = I + ~ i ,  i =  I, 2; x-~cosO. 

We know that  [8] for the s tabi l i ty  of the scheme (8) it is n e c e s s a r y  and sufficient  for  the e lements  of the 
ma t r i x  G(t, 8) to be uni formly  bounded for  all  0 < t < T ,  [81 <Tr and all  e igenvalues  ~m of the ma t r ix ,  with an ex-  
ception, pe rhaps ,  of one (for example ,  [XII-< 1+0(7)) to lie s t r i c t ly  within a unit c i rcle:  ]~m[ < i .  

The c h a r a c t e r i s t i c  equation for  G has the fo rm 

F (2~) = bo ~ + bl~ s __ b2),. "2 - -  ba~ + b~ = 0, 

b o =  1 + a  +--P-9 b l = _ _ x ( p + 4 ~ ) ,  
2 '  

0 2 = 2 1 2 ( ~ - ~ ) x  2 + 4 ~ x + 2 8 - a -  11, 

b.~=x(p--4(z),  b 4 =  l §  9 , 
2 

P = 2 (a 1 + a2), a = czla2, [~ = rur21. 

Applying to the polynomial  F(X), t r a n s f o r m e d  by the substi tution X = (~ + 1 ) / ( ~ - 1 ) ,  the R o u t h - H u r w i t z  
c r i t e r ion ,  we find that  the Hurwitz conditions a r e  fulfilled for  

> [~, p > 0 ,  ~ = 0. (9) 

Thus the "ches sboa rd"  method on a se t  of explici t  points is absolute ly  s table  for  s y s t e m s  (2), (3) for 
which the f i r s t  two conditions, obviously,  a re  sa t i s f ied  with r e spec t  to the physical  sense  of the problem.  The 
third condition cons iderably  na r rows  the c lass  of p rob l ems  being considered~ However,  it is fulfilled in many  
ca se s  of p rac t i ca l  impor tance  [2, 3, 9-12]. 

Thus,  when the conditions (9) a r e  fulfilled, s tabi l i ty  of this method holds for p -d imens iona l  s y s t e m s  of 
the fo rm (2), (3), k k s ince the express ions  (6), (7) p r e s e r v e  the i r  f o rm (only the numer ica l  coeff icients  o f j j ,  vj and in 
pk, Qk are altered). 

To verify the stability conditions, calculations of a series of systems (2), (3) were carried out on a 
BESM-4 digital computer for the following values of parameters and boundary and initial conditions: 

a = 0 ,  b : :  1, h-~0,  1, ~ = r h  2, f 1 = / 2 = 1 ,  

u(0, t ) = u ( 1 ,  t ) = 0 ,  v(0, t ) = v ( 1 ,  t ) = 0 .  

Out of the 20 values  of Rin p resen ted  in Table  i ,  the conditions (9) have been fulfilled only for  the f i r s t  
four va r i an t s .  However ,  the calculat ions show that  the "ches sboa rd"  scheme  is absolute ly  s table  for  the v a r i -  
ants  1-4, in the case  5 instabi l i ty  a p p e a r s  for r >  2, for  6-9 it appea r s  for r >  1, for  10 it appea r s  for r > 0 . 5 ,  and 
only for the va r i an t  20 is the scheme  absolu te ly  unstable.  In [4] r e su l t s  of investigating a c l a s s i ca l  explici t  
s cheme  for  the gR'en p rob lem for  r =  0 . i  a r e  p resen ted ;  here  instabi l i ty  was d i scovered  for  the va r i an t s  3-4,  
6-7, 9, 16, 17, while by the " ches sboa rd"  scheme ,  for  r = 0 . 1 ,  onlyone v a r i a n t  does not pass .  
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Thus, the limits of applicability for problems of heat and mass t ransfer  of the "chessboard" method are 
broader than follows from the stability conditions (9). 

NOTATION 

Rin, thermophysical t ransfer  coefficients; Rll , coefficient of thermal diffusivity; R22 , diffusion coeffi- 
cient; R12, mass diffusion coefficient; R21 , thermal diffusion coefficient; v(x, t) heat function; u(x, t) mass 
function; h, r ,  grid pitches; ~ ,  v k grid analogs of the functions u, v; G, transition matrix; kin, eigenvalues of 

the matrix G; F(•), characteristic polynomial of the matrix G. 
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SOLUTION OF THE TWO-DIMENSIONAL UNSTEADY 

DIFFUSION EQUATION FOR VORTEX FLOW 

M. A. Puzrin, O. M. Todes, 
and M. Z. Fainitskii 

UDC 66.011 : 518.61 

A numerical method of solution based on the use of probability analogies is presented. An ex- 
ample of a calculation by the scheme developed is given. 

Solid particles in fluidized bed devices take part in both random and directed motions in the form of cir- 
culating flows through the whole reactor [i, 2]. This circulation can be represented as a vortex superimposed 
on the diffusion intermixing of the solid phase. The intermixing process must then be described by an inhomo- 
geneous differential equation for diffusion in vortex flow. It is very difficult or impossible to obtain an analytic 
solution of this equation. The method of finite differences is a universal method for obtaining approximate so- 
lutions of differential equations and is applicable to a broad class of problems [3]. 
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